We translate the articles covering group theory already available in the Mizar Mathematical Library from multiplicative into additive notation. We adapt the works of Wojciech A. Trybulec [41, 42, 43] and Artur Korniłowicz [25] .
The notation and terminology used in this paper have been introduced in the following articles: [12] , [32] , [31] , [2] , [18] , [28] , [33] , [13] , [19] , [39] , [14] , [15] , [1] , [40] , [26] , [35] , [36] , [5] , [6] , [16] , [30] , [8] , [46] , [47] , [44] , [29] , [37] , [45] , [25] , [48] , [20] , [7] , [38] , and [17] .
Additive Notation for Groups -GROUP 1
From now on m, n denote natural numbers, i, j denote integers, S denotes a non empty additive magma, and r, r 1 , r 2 , s, s 1 , s 2 , t, t 1 , t 2 denote elements of S.
The scheme SeqEx2Dbis deals with non empty sets X , Z and a ternary predicate P and states that (Sch. 1) There exists a function f from N × X into Z such that for every natural number x for every element y of X , P[x, y, f (x, y)] provided
• for every natural number x and for every element y of X , there exists an element z of Z such that P[x, y, z].
Let I 1 be an additive magma. We say that I 1 is add-unital if and only if (Def. 1) there exists an element e of I 1 such that for every element h of I 1 , h + e = h and e + h = h. We say that I 1 is additive group-like if and only if (Def. 2) there exists an element e of I 1 such that for every element h of I 1 , h + e = h and e + h = h and there exists an element g of I 1 such that h + g = e and g + h = e. Let us note that every additive magma which is additive group-like is also add-unital and there exists an additive magma which is strict, additive grouplike, add-associative, and non empty.
An additive group is an additive group-like, add-associative, non empty additive magma. Now we state the propositions:
(1) Suppose for every r, s, and t, (r + s) + t = r + (s + t) and there exists t such that for every s 1 , s 1 + t = s 1 and t + s 1 = s 1 and there exists s 2 such that s 1 + s 2 = t and s 2 + s 1 = t. Then S is an additive group. (2) Suppose for every r, s, and t, (r + s) + t = r + (s + t) and for every r and s, there exists t such that r + t = s and there exists t such that t + r = s. Then S is add-associative and additive group-like. (3) R, + R is add-associative and additive group-like. From now on G denotes an additive group-like, non empty additive magma and e, h denote elements of G.
Let G be an additive magma. Assume G is add-unital. The functor 0G yielding an element of G is defined by (Def. 3) for every element h of G, h + it = h and it + h = h. Now we state the proposition: (4) If for every h, h + e = h and e + h = h, then e = 0G. From now on G denotes an additive group and f , g, h denote elements of G. Let us consider G and h. The functor −h yielding an element of G is defined by (Def. 4) h + it = 0G and it + h = 0G.
Let us note that the functor is involutive. Now we state the propositions:
(5) If h + g = 0G and g + h = 0G, then g = −h. (6) If h + g = h + f or g + h = f + h, then g = f . (7) If h + g = h or g + h = h, then g = 0G. The theorem is a consequence of (6). (8) −0 G = 0G. (9) If −h = −g, then h = g. The theorem is a consequence of (6) . (10) If −h = 0G, then h = 0G. The theorem is a consequence of (8) . (11) If h + g = 0G, then h = −g and g = −h. The theorem is a consequence of (6) . (12) h + f = g if and only if f = −h + g. The theorem is a consequence of (6) . (13) f + h = g if and only if f = g + −h. The theorem is a consequence of (6). (14) There exists f such that g + f = h. The theorem is a consequence of (12) . (15) There exists f such that f + g = h. The theorem is a consequence of (13) . (16) −(h + g) = −g + −h. The theorem is a consequence of (11) . (17) g + h = h + g if and only if −(g + h) = −g + −h. The theorem is a consequence of (16) and (6) . (18) g + h = h + g if and only if −g + −h = −h + −g. The theorem is a consequence of (16) and (17) . (19) g+h = h+g if and only if g+−h = −h+g. The theorem is a consequence of (18) , (11) , and (16) . From now on u denotes a unary operation on G. Let us consider G. The functor add inverse G yielding a unary operation on G is defined by (Def. 5 
) it(h) = −h.
Let G be an add-associative, non empty additive magma. Let us note that the addition of G is associative.
roland coghetto
Let us consider an add-unital, non empty additive magma G. Now we state the propositions: (20) 0G is a unity w.r.t. the addition of G.
(21) 1α = 0G, where α is the addition of G. The theorem is a consequence of (20) .
Let G be an add-unital, non empty additive magma. Let us note that the addition of G is unital. Now we state the proposition: (22) add inverse G is an inverse operation w.r.t. the addition of G. The theorem is a consequence of (21) .
Let us consider G. One can verify that the addition of G has inverse operation. Now we state the proposition:
(23) The inverse operation w.r.t. the addition of G = add inverse G. The theorem is a consequence of (22) .
Let G be a non empty additive magma. The functor mult G yielding a function from N × (the carrier of G) into the carrier of G is defined by (Def. 6) for every element h of G, it(0, h) = 0G and for every natural number n,
Let us consider G, i, and h. The functor i · h yielding an element of G is defined by the term
Let us consider n. One can check that the functor n · h is defined by the term (Def. 8) (mult G)(n, h). Now we state the propositions:
The theorem is a consequence of (25) .
The theorem is a consequence of (26).
(28) 2 · h = 0G if and only if −h = h. The theorem is a consequence of (26) and (11) .
The theorem is a consequence of (8).
(30) i · 0G = 0G. The theorem is a consequence of (8) .
The theorem is a consequence of (25) and (32) .
Let us assume that g + h = h + g. Now we state the propositions:
The theorem is a consequence of (16) .
The theorem is a consequence of (19) and (16) .
The theorem is a consequence of (25) and (36) . Let us consider G and h. We say that h is of order 0 if and only if (Def. 9) if n · h = 0G, then n = 0. One can check that 0G is non of order 0.
Let us consider h. The functor ord(h) yielding an element of N is defined by
(ii) it · h = 0G and it = 0 and for every m such that m · h = 0G and m = 0 holds it m, otherwise. Now we state the propositions:
Observe that there exists an additive group which is strict and Abelian. Now we state the proposition:
(41) R, + R is an Abelian additive group. The theorem is a consequence of (3). In the sequel A denotes an Abelian additive group and a, b denote elements of A. Now we state the propositions:
(44) the carrier of A, the addition of A, 0A is Abelian, add-associative, right zeroed, and right complementable. Let us consider an add-unital, non empty additive magma L and an element x of L. Now we state the propositions:
The theorem is a consequence of (45) . Now we state the proposition: (47) Let us consider an add-associative, Abelian, add-unital, non empty additive magma L, elements x, y of L, and a natural number n. 
Subgroups and Lagrange Theorem -GROUP 2
In the sequel x denotes an object, y, y 1 , y 2 , Y, Z denote sets, k denotes a natural number, G denotes an additive group, a, g, h denote elements of G, and A denotes a subset of G.
Let us consider G and A. The functor −A yielding a subset of G is defined by the term (Def. 12) {−g : g ∈ A}.
One can check that the functor is involutive. Now we state the propositions: Let us consider G. Let A be an empty subset of G. Observe that −A is empty.
Let A be a non empty subset of G. One can check that −A is non empty. In the sequel G denotes a non empty additive magma, A, B, C denote subsets of G, and a, b, g, g 1 , g 2 , h, h 1 , h 2 denote elements of G.
Let G be an Abelian, non empty additive magma and A, B be subsets of G. One can check that the functor A + B is commutative. The theorem is a consequence of (16) .
where α is the carrier of G. The theorem is a consequence of (54). 
where α is the carrier of G.
Let us consider an additive group G and a subset A of G. Now we state the propositions:
(68) Suppose for every elements g 1 , g 2 of G such that g 1 , g 2 ∈ A holds g 1 +g 2 ∈ A and for every element g of G such that g ∈ A holds −g ∈ A. Then A + A = A. Let us assume that G is add-associative. Now we state the propositions:
The theorem is a consequence of (64) and (56).
. The theorem is a consequence of (56) and (64). (81) (i) ∅ α + a = ∅, and
where α is the carrier of G. From now on G denotes an additive group-like, non empty additive magma, h, g, g 1 , g 2 denote elements of G, and A denotes a subset of G.
(82) Let us consider an additive group G, and an element a of G. Then Let G be an additive group-like, non empty additive magma. A subgroup of G is an additive group-like, non empty additive magma and is defined by (Def. 15) the carrier of it ⊆ the carrier of G and the addition of it = (the addition of G) (the carrier of it). In the sequel H denotes a subgroup of G and h, h 1 , h 2 denote elements of H. Now we state the propositions:
Let G be an additive group. Let us observe that every subgroup of G is add-associative.
In the sequel G, (90) 0H = 0G. The theorem is a consequence of (87), (89), and (7).
(91) 0H 1 = 0H 2 . The theorem is a consequence of (90).
(92) 0G ∈ H. The theorem is a consequence of (90).
(93) 0H 1 ∈ H 2 . The theorem is a consequence of (90) and (92).
The theorem is a consequence of (87), (89), (90), and (11).
(95) add inverse H = add inverse G (the carrier of H). The theorem is a consequence of (87) and (94).
The theorem is a consequence of (89).
The theorem is a consequence of (94).
Let us consider G. Observe that there exists a subgroup of G which is strict.
(98) Suppose A = ∅ and for every g 1 and g 2 such that g 1 , g 2 ∈ A holds g 1 + g 2 ∈ A and for every g such that g ∈ A holds −g ∈ A. Then there exists a strict subgroup H of G such that the carrier of H = A.
(99) If G is an Abelian additive group, then H is Abelian. The theorem is a consequence of (87) and (89).
Let G be an Abelian additive group. One can check that every subgroup of G is Abelian.
(100) G is a subgroup of G. Let us consider G. Note that 0 G is finite and there exists a subgroup of G which is strict and finite and there exists an additive group which is strict and finite.
Let G be a finite additive group. One can verify that every subgroup of G is finite. Now we state the propositions:
(116) Let us consider a strict, finite subgroup
The theorem is a consequence of (92).
Let us consider a finite additive group G and a subgroup H of G. Now we state the propositions:
(119) Suppose G = H . Then the additive magma of H = the additive magma of G. Proof: The carrier of H = the carrier of G by [3, (48) ]. Let us consider G and H. The functor H yielding a subset of G is defined by the term (Def. 19) the carrier of H. Now we state the propositions:
The theorem is a consequence of (96).
The theorem is a consequence of (97).
The theorem is a consequence of (121), (120), and (68).
The theorem is a consequence of (121) and (69). 
The theorem is a consequence of (105).
The theorem is a consequence of (111).
(132) Let us consider a strict additive group G, and a strict subgroup H of G. Then 
(142) (A + B) + H = A + (B + H). (143) (A + H) + B = A + (H + B). (144) (H + A) + B = H + (A + B).
(145) ( (149) x ∈ a + H if and only if there exists g such that x = a + g and g ∈ H.
The theorem is a consequence of (73).
(150) x ∈ H + a if and only if there exists g such that x = g + a and g ∈ H.
The theorem is a consequence of (74).
(154) (i) a ∈ a + H, and
The theorem is a consequence of (92), (149), and (150).
(155) (i) 0G +H = H, and
The theorem is a consequence of (64).
(157) (i) a + Ω G = the carrier of G, and
The theorem is a consequence of (63).
(158) If G is an Abelian additive group, then a + H = H + a. (154), (149), (97), (13), (12), (96), and (160).
The theorem is a consequence of (149) and (92).
(163) (i) H ⊆ a + H + (−a + H), and (ii) H ⊆ −a + H + (a + H).
The theorem is a consequence of (83) and (162).
The theorem is a consequence of (26) (154), (150), (97), (12), (13), (96), and (166).
The theorem is a consequence of (92), (150), and (80).
The theorem is a consequence of (80), (83), and (168).
The theorem is a consequence of (80), (26) , and (168).
The theorem is a consequence of (149), (128), and (6).
The theorem is a consequence of (150), (128), and (6). The theorem is a consequence of (182).
Let us consider a finite additive group G and a subgroup H of G. Now we state the propositions: 
The theorem is a consequence of (200).
Classes of Conjugation and Normal Subgroups -GROUP 3
From now on x, y, y 1 
(210) (A + a) + H = A + (a + H). The theorem is a consequence of (142). (211) (a + H) + A = a + (H + A). The theorem is a consequence of (143). (212) (A + H) + a = A + (H + a). The theorem is a consequence of (143). (213) (H + a) + A = H + (a + A).
The theorem is a consequence of (144).
(214) (
Let us consider G. The functor SubGr G yielding a set is defined by (Def. 29) for every object x, x ∈ it iff x is a strict subgroup of G.
Note that SubGr G is non empty. Now we state the propositions:
(215) Let us consider a strict additive group G. Then G ∈ SubGr G. The theorem is a consequence of (100).
(216) If G is finite, then SubGr G is finite.
Proof: Define P[object, object] ≡ there exists a strict subgroup H of G such that $ 1 = H and $ 2 = the carrier of H. For every object x such that x ∈ SubGr G there exists an object y such that P [x, y] . Consider f being a function such that dom f = SubGr G and for every object x such that Now we state the propositions:
The theorem is a consequence of (6).
(218) 0G ·a = 0G.
(219) If a · b = 0G, then a = 0G. The theorem is a consequence of (11) and (7).
(220) a · 0G = a. The theorem is a consequence of (8) . · (g + h) . The theorem is a consequence of (16) 
The theorem is a consequence of (225) and (220).
The theorem is a consequence of (29) 
The theorem is a consequence of (243) and (74).
.
The theorem is a consequence of (236) and (64).
The theorem is a consequence of (238) and (236).
The theorem is a consequence of (234), (49), (74), (73), and (242).
The theorem is a consequence of (251), (83), and (8).
The theorem is a consequence of (243) The theorem is a consequence of (242).
(260) The carrier of H · a = −a + H + a. The theorem is a consequence of (251).
The theorem is a consequence of (248) and (105).
Let us consider a strict subgroup H of G. Now we state the propositions: (262) H · 0G = H. The theorem is a consequence of (253) and (105). (263) (i) H · a · (−a) = H, and
The theorem is a consequence of (261) and (262). Now we state the propositions: (H 2 · a) . The theorem is a consequence of (259), (128), and (217). 
The theorem is a consequence of (238) and (218). (269) Let us consider a strict subgroup
The theorem is a consequence of (266), (115) 
The theorem is a consequence of (259) The theorem is a consequence of (275) 
The theorem is a consequence of (260), (79), (151), (83), (153), (155), and (105).
Let us consider a subgroup H of G. Now we state the propositions: (317) H is a normal subgroup of G if and only if for every a, a + H ⊆ H + a.
The theorem is a consequence of (316), (205), (151), (155), (152), (80), and (83). Let us consider a strict subgroup H of G. Now we state the propositions:
(320) H is a normal subgroup of G if and only if for every a, H is a subgroup of H · a. The theorem is a consequence of (100), (260), (80), (83), (207), and (318).
(321) H is a normal subgroup of G if and only if for every a, H ·a is a subgroup of H. The theorem is a consequence of (100), (260), (80), (83), (207), and (317). 
The theorem is a consequence of (329).
Consider f being a function such that dom f = a • and for every object x such that x ∈ a • holds f (x) = F(x) from [14, Sch. 3] . rng f = {a} • . f is one-to-one by [17, (3) ].
(332) Suppose a • is finite or the left cosets of N({a}) is finite. Then there exists a finite set C such that (i) C = a • , and
The theorem is a consequence of (331). The theorem is a consequence of (328). 
The theorem is a consequence of (334).
Now we state the proposition:
(336) Let us consider a strict additive group G, and a strict subgroup H of G. Then H is a normal subgroup of G if and only if N(H) = G. The theorem is a consequence of (333) and (108).
Let us consider a strict additive group G. Now we state the propositions:
The theorem is a consequence of (313) and (336).
(338) N(Ω G ) = G. The theorem is a consequence of (313) and (336).
Topological Groups -TOPGRP 1
In the sequel S, R denote 1-sorted structures, X denotes a subset of R, T denotes a topological structure, x denotes a set, H denotes a non empty additive magma, P , Q, P 1 , Q 1 denote subsets of H, and h denotes an element of H. Now we state the proposition: (339) If P ⊆ P 1 and Q ⊆ Q 1 , then P + Q ⊆ P 1 + Q 1 .
Let us assume that P ⊆ Q. Now we state the propositions: (340) P + h ⊆ Q + h. The theorem is a consequence of (74).
(341) h + P ⊆ h + Q. The theorem is a consequence of (73).
From now on a denotes an element of G. Let G be an additive group. One can verify that add inverse G is one-to-one and onto. Now we state the propositions:
Let G be a non empty additive magma and a be an element of G. The functors: a + and + a yielding functions from G into G are defined by conditions, (Def. 44) for every element x of G, a + (x) = a + x, (Def. 45) for every element x of G, + a(x) = x + a, respectively. Let G be an additive group. One can verify that a + is one-to-one and onto and + a is one-to-one and onto. Now we state the propositions: (350) (h + ) • P = h + P . The theorem is a consequence of (73). (351) ( + h) • P = P + h. The theorem is a consequence of (74).
We consider topological additive group structures which extend additive magmas and topological structures and are systems a carrier, an addition, a topology where the carrier is a set, the addition is a binary operation on the carrier, the topology is a family of subsets of the carrier.
Let A be a non empty set, R be a binary operation on A, and T be a family of subsets of A. Let us observe that A, R, T is non empty.
Let x be a set, R be a binary operation on {x}, and T be a family of subsets of {x}. Observe that {x}, R, T is trivial and every 1-element additive magma is additive group-like, add-associative, and Abelian and there exists a topological additive group structure which is strict and non empty and there exists a topological additive group structure which is strict, topological spacelike, and 1-element.
Let G be an additive group-like, add-associative, non empty topological additive group structure. We say that G is inverse-continuous if and only if (Def. 46) add inverse G is continuous.
Let G be a topological space-like topological additive group structure. We say that G is continuous if and only if (Def. 47) for every function f from G × G into G such that f = the addition of G holds f is continuous. One can check that there exists a topological space-like, additive group-like, add-associative, 1-element topological additive group structure which is strict, Abelian, inverse-continuous, and continuous.
A semi additive topological group is a topological space-like, additive grouplike, add-associative, non empty topological additive group structure.
A topological additive group is an inverse-continuous, continuous semi additive topological group. Now we state the propositions: Let G be a continuous, non empty, topological space-like topological additive group structure and a be an element of G. One can check that a + is continuous and + a is continuous.
Let us consider a continuous semi additive topological group G and an element a of G. Now we state the propositions:
(360) a + is a homeomorphism of G. The theorem is a consequence of (352).
(361) + a is a homeomorphism of G. The theorem is a consequence of (353).
Let G be a continuous semi additive topological group and a be an element of G. The functors: a + and + a yield homeomorphisms of G. Now we state the proposition:
(362) Let us consider an inverse-continuous semi additive topological group G.
Then add inverse G is a homeomorphism of G. The theorem is a consequence of (348).
Let G be an inverse-continuous semi additive topological group. Let us note that the functor add inverse G yields a homeomorphism of G. Let us note that every semi additive topological group which is continuous is also homogeneous.
Let us consider a continuous semi additive topological group G, a closed subset F of G, and an element a of G. Now we state the propositions: (363) F + a is closed. The theorem is a consequence of (351).
(364) a + F is closed. The theorem is a consequence of (350).
Let G be a continuous semi additive topological group, F be a closed subset of G, and a be an element of G. Let us note that F + a is closed and a + F is
